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 Recursive and Recursively Enumerable
Sets

e |ndex Sets and Rice’s Theorem



Recursive and R.E. Sets



Review: R.E. Sets

The set B is recursively enumerable (r.e.)
If there is a partially computable function

g(x)such that B = {x e N | g(x) \L}



Theorem 4.3 (Ch. 4)

If BIsa recursiveset, then Bisr.e.



Theorem 4.3: Proof

If Bis recursive, P,(x)is computable.
Let A(x)be defined as follows:

1if P,(x)=1

hlx)= |1if P,(x)=0




Theorem 4.3: Proof

Consider the following program P

[A]IFa(P,(X))GOTO A.
Y <1



Theorem 4.3: Proof

) (x)=h(x)
Bz{xeN\h(x)i}.



Theorem 4.4 (Ch. 4)

The set B is recursive if and only If
B and B are hoth r.e.



Theorem 4.4 (Ch. 4): Proof

1. If B is recursive, then both B and its
complement are r.e.

2. |If B and its complement are both r.e.,
then B Is recursive.



Proof: Part 1

If Bisrecursive, then, by Theorem 4.1
(Ch.4),s0is B. Then, by Theorem 4.3 (Ch. 4),
both Band Barer.e.



Proof: Part 2

Let Band B ber.e. Then

Ez{xeN g(x)i}

B:{xeN h(x)i}

Let 9 (x) = g(x)and 72 (x) = h(x)



Proof: Part 2

Consider the following program A1 :

[A]IF STPY (X, #(P),T)GOTO C1
IFSTP® (X, #(Q),T)GOTO C2
T« T+1
GOTOA

[C1] Y «1

GOTO TO E

[C2] Y <0



Definition

W = {x e N | @(x,n)i}.



Theorem 4.6, Ch. 4

Aset Bisr.e.if and only if thereis an
nforwhich B =W .



Theorem 4.6: Proof

Assume that B is r.e. Then there exists
a partially computable function g such

that B = {x € N'| g(x) ¥} Let G be the
program that computes g(x ). Let n =#(G).
Then B = {x eN | cb(x,n)i«}.



Theorem 4.6 (Ch. 4)

e Theorem 4.6 iIs also called Enumeration
neorem.

T
* This name originates from the fact that the
following sequence enumerates all r.e.
sets:

- Wo, Wl’ W2, Wg,...




Definition
K={neN|neW,|
neW, < ®(n,n)d< HALT(n,n).

K Is the set of all numbers » such that
a program whose number is » halts on

n.



Theorem 4.7 (Ch. 4)

K IS r.e. but not recursive.



Recall: Theorem 3.1 (Ch. 4)

45(")(x1,...,xn,y): ‘P}(,”)(xl,..., X, ), where
y :#(P).

For each n > 0, the function @™ (x,,..., x , »)

IS partially computable.



Theorem 4.7: Proof

By the Universality Theorem, @(n, n)is
partially computable. Thus, since
K = {n e N | @(n,n)i«}, Kisr.e.



Theorem 4.7: Proof

Assume that X is recursive. Then X is

r.e.too. Thus, K =W, for somei.

leK<sielW &iek.



Index Sets and Rice’s Theorem



Definition: Index Set

I"is a collection of p.c. functions of one variable.
R.={teN|D, eT}



T
T
T

Index Sets: Examples

ne set of computable functions.
ne set of primitive recursive functions.

ne set of partially computable functions

that are defined for all but a finite number
of values.

T
T
T

ne set of viruses.
ne set of trigonometric functions.

ne set of derivatives of trigonometric

functions.



Properties of Programs

R_ 1S recursive just in case there s an
algorithm that accepts programs as input
and returns TRUE or FALSE depending
on whether a particular programisinT.



Rice’s Theorem

LetI" be a collection of partially computable
functions of one variable. Let f(x), g(x)be
partially computable functions such that
f(x)eT, g(x)eT.Then R_ is not recursive.



Rice’s Theorem: Original
Formulation

et C be a collection of p.c.functions

of one variable.Then {x|®_< C}is
recursiveif andonlyif C=QorC
Includes all partially computable functions
of one variable.



Two Interesting Corollaries

It is impossible to write a program that
detects all viruses.

It is iImpossible to write a program that
detects all cases of plagiarism.



