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Outline

 Normal Form for (Partially) Computable
Functions

e Sets and Characteristic Functions
* Recursively Enumerable Sets



Review: Theorem 3.3 (Ch. 4):
Normal Form Theorem



Review: Theorem 3.4 (Ch. 4)

A function is partially computable if and only
If 1t can be obtained from the initial functions by

a finite number of applications of composition,
recursion, and minimalization.



Proper Minimalization

mmR( X, X, Yo, Z)Can bea total function.

Whendoesthishappen?

Thishappenswhenforeach x,,..., X there
is at leastone z such thatR(x,,..., X , ¥,,z)=1.
If thisis the case,minR(x,,..., X, Y,, Z)is proper

minimalizdion.



Theorem 3.5 (Ch. 4)

A function is computable if and only if
It can be obtained by a finite number of
applications of composition, recursion,
and proper minimalization.



Characterti

B N", m>1.

a characteristic

P (X,yerey X )=+

stic Functions

Then P,(X,,..., X, )is
function of B if

1if (x,,....x ) B

0 otherwise.



Sets and Characteristic Functions

LetB<= N™, m>1.B belongs to some
class of functions if and only If its
characteristic function P(x,,..., X, )
belongs to that class of functions.



A Note on Terminology

e FIs a characteristic function of B.

 F computes B.

e The two above statements are
Synonymous.



Example 1

B={(x,y)e N*|HALT(x, yJ}.
Then computing B is as hard as
computig HALT (X, y).



Theorem 4.1 (Ch. 4)

Let the sets B, C belong to some PRC
class K. Then so do the sets BLUC,BNC, B.



Theorem 4.1: Proof

1) By Theorem5.10f Ch.3,if Kisa PRC
classand P and Q belong to K, then so
doP,PvQ,and P &Q.

2) Let P,(x,,...,.x ) be the characteristic function

of B.

3) Let P.(x,,...,x., ) be the characteristic function of
C.

4) Since Band C arein K, P; and P, arein K.

5) By Theorem 5.10f Ch.3, P,,P, v P., P, & P. are
in K.



Theorem 4.2, Ch. 4

Let K bea PRC class, and let B be a

subset of N™, m>1.Then B belongs to K
If and only If

Bl:{[xl’ ’m] N|(1’ ’m)EB}

belongs to K.



Theorem 4.2: Proof

Let P,(X,,..., X, ) be the characteristic
function of B. Define P;. as follows:

Thus, iIf P, € K,sois P,..



Theorem 4.2: Proof

On the other hand, if P;. is the characteristic function
of B', define P; as follows:

If P,. € K, then B, € K.



Corollary 4.2

Let B={x,y|]e N|HALT(x, y)}. Then
B is not computable.



Theorem 4.2 (Ch. 4) and N™

« Theorem 4.2 (Ch. 4) essentially says that
we do not need multi-dimensional spaces
when we talk about computabillity on
natural numbers.

* As long as we have functions (), and [ ], we
can stay within N.

e []is the primitive recursive function that
computes Godel numbers.



Recursively Enumerable (R.E.)
Sets: Definition

The set B Is recursively enumerable (r.e.)
If there is a partially computable function

g(x)such that B = {x e N | g(x){ |



Observations

e Asetisr.e. whenitis the domain of a
partially computable function.

e Let P be a program that computes some
partially computable function. Then all
iInputs to P on which it halts form an r.e.
set.




Recommended Reading

e Section 4.4.



