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Outline

• Universal Programs
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Why is it a Thesis?
• Why is Church’s Thesis a thesis?
• There is no general definition of algorithm 

separate from a standard formalization of 
algorithm (a particular programming language or 
some other formalism).

• The claim that a standard programming 
language provides a satisfactory 
characterization of computation remains 
empirical and cannot be proved.

• Church’s Thesis cannot be proved as a theorem.



Universal Programs



Universality

• Coding programs by numbers gives us a 
mathematical theory of compilation.

• Compiled programs must be executed or 
interpreted.

• Universality gives us a mathematical 
theory of program execution and 
interpretation, i.e., a mathematical theory 
of operating systems and interpreters.



Universal Programs: Step 1

• Suppose we have a program P that takes 
n arguments.

• Suppose that #(P) = y.
• We would like to construct another 

program that can take #(P) and n
argument values x1, … , xn and execute it 
on those values.



Universal Programs: Step 2

• But why stop with just one program?
• We can attempt to construct a program 

that can execute/interpret any program of 
n arguments.

• Thus, we can have programs that can 
execute any program of 1 argument, any 
program of 2 arguments, any program of 3 
arguments, etc.



Universal Programs: Step 2

• For each n > 0, such a program is denoted 
by Un and is called universal.

• Why is it universal? Because it can run 
any program of n arguments.

• We have a sequence of universal 
programs: U1, U2, U3, U4, …



Modern Operating Systems

• Modern operating systems and virtual 
machines are universal programs.

• Why? They can execute any program that 
accepts finite numbers of arguments.

• The number of arguments is always finite 
because of the hardware limitations.
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Universal Programs
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Universal Programs: Example
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What Does Un Do?

• Un is given the number of a program.
• From that number, Un extracts instructions 

one by one and executes them.
• Un keeps track of the state of the program.
• Un runs the instruction counter.



Review: Mapping Variables and 
Labels

• The variables are arranged as follows:
– Y X1 Z1 X2 Z2 X3 Z3 … .

• #(Y)=1, #(X1)=2, #(X3)=6.



Encoding the Program’s State
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Review: Computing #(P)
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Theorem 3.1 (Ch. 4)
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Theorem 3.1 (Ch. 4): A Perspective

• The significance of Theorem 3.1 
(Universality Theorem) should not be 
underestimated.

• This theorem gives a mathematical proof 
of the feasibility of operating systems and 
interpreters.

• Modern operating systems and 
interpreters, e.g. Windows, Linux, Java 
Virtual Machine, owe their existence to the 
Universality Theorem.



Theorem 3.1: Proof
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Un Construction: Part 1

1. Extract the source code.
2. Initialize the state.
3. Initialize the instruction counter.



Un Construction: Part 1 Summary 
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Un Construction: Part 2

• The next thing that Un must do is check for 
the termination condition.

• The termination condition occurs when the 
instruction counter is I+1 or 0, where I is 
the number of instructions in the program.

• We can easily find out the value of I, 
because we know how to compute the 
length of a number.



Un Construction: Part 2
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Un Construction: Part 3
• The next thing that Un must do is decode the 

instruction to be executed.
• Remember that the source code has no 

macros! All macros are assumed to have been 
expanded.

• Recall that an instruction is defined by three 
components: 
– the label, 
– the statement,
– the variable.



Un Construction: Part 3
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Un Construction: Part 3
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Un Construction: Part 3
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Example 1
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Example 2
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Un Construction: Part 3
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Un Construction: So Far
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Recommended Reading

• Section 4.3.


