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Outline

e Minimalization



Review: Theorem 6.1 (Ch. 3)

Let C bea PRCclass. If f(x,,...,X,)€C,
then so do the functions

y
G(Y, Xy %) = D F (X000 X))
t=0

and

y
h(y, X,,...., X ) = H f(t, X, X))
t=0



Corollary 6.2 (Ch. 3)

It f(t,X,...,Xx,)eCandCisPRC,
then so do the functions



Review: Strict Bounded
Quantification

Vi), Pt X,.... X)) <

(3t)., P(t, X,y X,)
(3t).,[a(t=y) &P(t,x,,.... x,)]



Theorem 6.3 (Ch. 3)

If the predicate P(t, x,,..., X,) belongs
to some PRC class C, then so do the
predicates

(Vt) P(t Xl’ " n)
and
(3) i<y P(t, Xg5e0 X))



Proof 6.3

(V1)-y P(t, X,y X,)

-y
| [P x,...x,) |=1
| t=0 _




a(

Proof 6.3

:t)gy P(t, X,y X ) <

y
D Pt X, X))
120 )

0)



Example 1

Show that y | X IS primitive recursive.



Example 1

Y| X<
(3t),[y-t=x]



Example 2

Show that Prime(x) Is primitive recursive.



Example 2

A number is prime if it is greater than1
and 1t has no divisors other than 1and
itself.

Prime(x) <
x>1& (Vi) [t=0vt=1vt=xv(t]|x)]



Minimalization

P(0) =0

SQ

SQ

AA/&A

SQ




Minimalization

Suppose:
1.(vt)._, P(t,%.,...,x.) =0.

t<t,

u 1if u<t,
L ] 0 ifuxt,




Minimalization

Let P(t, X,,..., X,) be a predicate

In some PRC class C. Let t, be the smallest
value for which P(t, x;,..., x,) =1.
Consider

90,5 %) = 3 [ ] Pt X X,)).

u=0 t=0



Example 3
Suppose t, =3,y =4.
904 X %) = D [ 2 (P(t, X0 X,)) =

u=0 t=0

a(P(t, X.,..., X)) +f[ a(P(t, X,,..., X))+

a(P(t, X,,..., X,)) +f[a(P(t, X(reey X)) +

- 1> 1

a(P(, X,.., X)) =1+1+1+0+0=3.

t

I
o



Example 4

Supposet, =3,y =1.
1 u
gL X %) =D [ (Pt X X)) =

u=0 t=0

liloz(P(t,x1 ..... xn))+1i[05(P(t,x1 ..... X))
:_1+1: 2. _



Lemma

(VYY) (Y2 Xy X)) = Y +1.



Proof

Let y <t,. Then for every u in the range

0,y] ﬁa(P(t, X, ..., X)) =1.Since the

range [0, y|has y +1elements,

Zy:ﬁa(P(t, Xipeenr X)) = Y +1,

u=0 t=0



Minimalization

If t, <y, then g(y,X,... X,) = > 1=t,.

u<ty

g(y,X,,..., X ) is the least value of t
for which P(t, x,,..., X)) IS true.



Minimalization: Definition

rpin P(t, x,,..., X, ) IS the least value of
<y

t for which P(t, x;,..., X, ) IS true, If such
a value exists. Otherwise, 1t i1s 0.



Minimalization: Definition

gy, X,....x. )if (3t). P(t, X,,....x.
minP(t,xl,...,Xn)=<g(yX1 )if (3t)., (%X
t<y 0 otherwise.

\




Theorem 7.1 (Ch. 3)

If P(t, X,,..., X, ) belongs to some PRC
classCand f(y, X;,...,X,) = rpin P(t, X,,...,
<y

then f (y, x,,..., X,) also belongs to C.



Review: Theorem 5.4

Let C be a PRC class. Let the functions

g, hand the predicate P belong to C.
et

f . g(xl’ " n)lf P(Xl’ " n)
(Xl""’X”)_{h(xl, ., X_) otherwise.

Then f(X,...,x.)1sinC.



Review: Theorem 6.3

If the predicate P(t, x,,..., X,) belongs
to some PRC class C, then so do the
predicates

(Vt) P(t Xl’ " n)
and
(3) i<y P(t, Xg5e0 X))



Theorem 7.1: Proof

g(y,X,..., X, ) € C, because

> ]| and a arein C.By Theorem 6.3,
(3t)., P(t,x,,..., x,) isalsoin C.

By Theorem 5.4, rpgiyn P(t,x,,...;X,) IS

InC.



Example 5

Show that | — | Is primitive recursive.




Example 5

— rpin[(t +1)-y> x]
<y



Example 5

/ .
> = rpglyn[(t+1)-2 >7]=3,

because (3+1)-2> 7.




Suggested Reading

e Sections 3.6, 3.7.



