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Abstract

On-LineAnalyticalProcessing(OLAP)technologiesarebe-
ing usedwidely, but the lack of effectivemeansof handling
data imprecision,which occurswhenexact valuesare not
knownpreciselyor are entirely missing,representsa ma-
jor obstaclein applying thesetechnologiesin many do-
mains.Thispaperdevelopstechniquesfor handlingimpre-
cisionthataim to maximallyreuseexistingOLAPmodeling
constructssuch asdimensionhierarchiesandgranularities.
With imprecisedata availablein the database,queriesare
testedto determinewhetheror not they may be answered
preciselygiventheavailabledata; if not,alternativequeries
unaffectedby theimprecisionare suggested.Whenprocess-
ingqueriesaffectedbyimprecision,techniquesareproposed
that takeinto accounttheimprecisionin thegroupingof the
data, in the subsequentaggregatecomputation,and in the
presentationof the impreciseresult to the user. The ap-
proach is capableof exploiting existing OLAP querypro-
cessingtechniquessuch aspre-aggregation,yieldingan ef-
fectiveapproach with low computationaloverheadandthat
maybeimplementedusingcurrenttechnology.

1 Introduction

On-LineAnalyticalProcessing(OLAP) [6] hasattracted
muchinterestin recentyears,asbusinessmanagersattempt
to extractusefulinformationfrom largedatabasesin orderto
makebetterinformedmanagementdecisions.Recently, the
useof OLAP tools hasspreadto the medicalworld where
physiciansusethe tools to understanddataassociatedwith
patients. The useof OLAP tools in the medicaldomain
placesadditionalemphasison challengesthat OLAP tech-
nology traditionallyhasnot handledwell, suchasthe han-
dling of imprecisedata.

Traditionaldatamodels,includingtheER model[4] and
therelationalmodel,donotprovidegoodsupportfor OLAP
applications. As a result, new datamodelsthat supporta
multidimensionalview of datahave emerged. Thesemulti-

dimensionaldatamodelstypically categorizedataasbeing
measurablebusinessfacts(measures)or dimensions, which
aremostly textual andcharacterizethe facts. For example,
in a retail business,productsaresold to customersat cer-
tain times, in certainamounts, andat certainprices. A typ-
ical fact would be a purchase, with the amountandprice
asthe measures,andthe customerpurchasingthe product,
theproductbeingpurchased,andthetimeof purchasebeing
dimensions.

If multidimensionaldatabasesareto beusedfor medical
OLAP applications,it is necessaryto handlethe“imperfec-
tions” that almostinevitable occur in the data. Somedata
valuesmaybemissing, whileothersareimpreciseto varying
degrees,i.e., in multidimensionaldatabaseterms,they have
varyinggranularities. Varyinggranularitiesoccurnaturally
in somedata,but may alsoarisewhendatafrom different
sourcesarecombined.CurrentOLAP toolsandtechniques
assumethat thedatahasa uniform granularityandthatany
granularityvariancesarehandledin thedatacleansingpro-
cess,prior to admittingthedatainto theOLAP database.In
additionto not beingrealistic,this will introducemapping
errorsandobscurethe true quality of the data. Thus,it is
veryattractiveto beableto handleall theoccurringformsof
imperfectdatain orderto give asmeaningfulandinforma-
tiveanswersaspossibleto OLAP queries.

Theapproachpresentedin this paperaimsto maximally
reuseexisting conceptsfrom multidimensionaldatabases
to also supportimprecisedata. The approachallows the
reuseof existing queryprocessingtechniquessuchaspre-
aggregationfor handlingtheimprecision,resultingin anef-
fectivesolutionthatcanbeimplementedusingcurrenttech-
nology [15] suchasSQL, which is importantfor the prac-
tical applicationof this research.It is shown how to test if
theunderlyingdatais preciseenoughto giveapreciseresult
to a query;andif not,analternativequeryis suggestedthat
canbeansweredprecisely. If thephysician1 acceptsgetting

1We usetheterm“physician” for theuserof thesystemthroughoutthe
paper, althoughthe approachpresentedis generalandnot limited to the
medicaldomain.



an impreciseresult,imprecisionis handledin the grouping
of dataaswell asin theactualaggregatecomputation.

While the areaof “imperfect information” hasattracted
muchattentionin thescientificliterature[13, 8], surprisingly
little work hasaddressedtheproblemof aggregationof im-
precisedata, thispaper’s focus.

A numberof approachesto imprecisionexist that al-
low us to characterizethis paper’s contribution. It is com-
mon [13] to distinguishbetweenimprecision, which is a
propertyof thecontentof anattributevalue,anduncertainty,
which concernsthe degree of truth associatedwith an at-
tribute value. Our work concernsonly imprecision. The
mostbasicform of imprecisionis missingor applicable-null
values[5], whichallow unknowndatato becapturedexplic-
itly. Multiple imputation[16, 2] is atechniquefromstatistics
wheremultiplevaluesareimputed, i.e.,substitutedfor miss-
ing values,allowing datawith missingvaluesto beanalyzed
while retainingits naturalvariance.In comparisonwith our
approach,multiple imputationhandlesonly missingvalues,
not imprecisevalues,andthetechniquedoesnot supportef-
ficient queryprocessingusing pre-aggregateddata. Next,
null valueshave beengeneralizedto partial values, where
oneof a setof possiblevaluesis the true value. Work has
beendoneonaggregationoverpartialvaluesin relationalda-
tabases[3]. Comparedto ourapproach,thetimecomplexity
of theoperationsis quitehigh, i.e., at least �������
	
�
� , where� is thenumberof tuples,comparedto the ��������������� com-
plexity of our solution. Additionally, all valuesin a partial
valuehave the sameweight,andthe useof pre-aggregated
datais not studied.

Fuzzy sets [20] allows a degree of membershipto be
associatedwith a value in a set, and can be usedto han-
dle bothuncertaintyandimprecision.Work on aggregation
over fuzzy setsin relationaldatabases[17] allows the han-
dling of imprecisionin aggregationoperations,but thetime
complexity is exponentialin thenumberof tuples,andpre-
aggregation hasnot beenstudied. The conceptof granu-
larities [1] hasbeenusedextensively in temporaldatabases
for a varietyof purposes,including the handlingof impre-
cision in the data[9]. However, aggregationof imprecise
temporaldataremainsto be studied. In multidimensional
databases,only the work on incompletedata cubes[7] has
addressedthe issueof handlingimpreciseinformation. In-
completedatacubesfix thegranularityof thedataatschema
level ratherthanat instancelevel, ashere.Additionally, im-
precisionis handledonly in thegroupingof data,not in the
aggregatecomputation.

To ourknowledge,imprecisionin theactualaggregatere-
sult for multidimensionaldatabaseshasnot beensupported
previously, andtheuseof pre-aggregateddatafor speeding
up queryprocessinginvolving imprecisionhasnever been
studied.Also, theuseof granularitiesin all partsof theap-
proach,webelieve is novel.

The paperis structuredas follows. Section2 motivates
our approachusing a real-worldclinical casestudy. Sec-
tion 3 definesthe multidimensionaldatamodelandquery
languageusedasthe concretecontext for the paper’s con-
tribution. Sections4 and5 show how to suggestalternative
queriesif thedatais not preciseenough,how to handleim-
precisionin thegroupingof dataandin thecomputationof
aggregateresults,andhow to presentimpreciseresultsto the
physician.Section6 concludesandpointsto futureresearch.

2 Motivation

This sectionpresentsa real-worldcasestudyondiabetes
treatment,thendiscussesthe queriesphysicianswould like
to askandtheproblemsthatoccurdueto dataimprecision.

The casestudyconcernsdataon diabetespatientsfrom
a numberof hospitals,includingtheir associateddiagnoses,
andtheir bloodsugarlevels. Thegoal is to investigatehow
the blood sugarlevels vary amongdiagnoses.An ER dia-
gramillustratingtheunderlyingdatais seenin Figure1.
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Figure 1. ER Schema of Case Study

The most importantentitiesare the patients, for which
we recordNameand SocialSecurityNumber(SSN).The
HbA1c%andPrecisionattributesarediscussedlater. Each
patientmayhave onediagnosis, which maybemissingdue
to incompleteregistrationsin thecomputerby hospitalstaff.
Whendeterminingdiagnoses,physiciansoftenusedifferent
levelsof granularity. For example,for somepatients,some
physicianswill usethe very precisediagnosis“Insulin de-
pendentdiabetes,” while themoreimprecisediagnosis“Di-
abetes,” which covers a wider rangeof patientconditions,
correspondingtoanumberof precisediagnoses,will beused
for otherpatients.

In termsof the ER diagram,we model this by having
a relationshipbetweenpatientsandthesupertype“Diagno-
sis.” This typehastwo subtypes,correspondingto different
levels of granularity, the low-level diagnosisandthe diag-
nosisfamily. Examplesof theseare the above-mentioned
“Insulin dependentdiabetes”and “Diabetes,” respectively.
The higher-level diagnosesareboth (imprecise)diagnoses
in theirown right, but alsofunctionasgroupsof lower-level



diagnoses.Thus,the diagnosishierarchygroupslow-level
diagnosesinto diagnosisfamilies,eachof which consistsof
2–20relateddiagnoses.Eachlow-level diagnosisbelongs
to exactly onediagnosisfamily. For example,the diagno-
sis “Insulin dependentdiabetes”is partof the family “Dia-
betes.”

For diagnoses,werecordanalphanumericcodeandade-
scriptivetext, usuallydeterminedby astandardclassification
of diseases,e.g., the World HealthOrganization’s Interna-
tionalClassificationof Diseases(ICD-10) [19].

Oneof themostimportantmeasurementsfor diabetespa-
tientsis HbA1c%[11], which indicatesthelong-timeblood
sugarlevel, providing a good overall indicator of the pa-
tient’s statusduring recentmonths. However, sometimes
this valueis missingin thedataavailablefor analysis.This
maybebecausetheHbA1c% wasnot measuredor not en-
teredinto thecomputer. Furthermore,theHbA1c%is mea-
suredusing two differentmethodsat the hospitals. Over
time, the hospitalschangethe measurementmethodfrom
anold, imprecisemethodto anew andprecisemethod.This
leadsto a differencein the precisionof the data. Thus,we
also recordthe precisionof the data,as preciseor impre-
cise. Whenthevalueis missing,we recordtheprecisionas
inapplicable.

In orderto list someexampledata,weassumea standard
mappingof theER diagramto relationaltables,i.e., oneta-
ble per entity type andone-to-many relationshipshandled
using foreign keys. We also assumethe useof surrogate
keys, namedID, with globally uniquevalues. As the two
subtypesof theDiagnosistypedonot have any attributesof
theirown, botharemappedto a commonDiagnosistable.

Thedataconsistsof threepatientsandtheirdiagnosesand
HbA1c%values;seeTable1.

ID Name SSN HbA1C% Precision
0 Jim Doe 11111111 Unknown Inapplicable
1 JohnDoe 12345678 5.5 Precise
2 JaneDoe 87654321 7 Imprecise

PatientTable

PatientID DiagnosisID
0 5
1 3
2 4

HasTable

ParentID ChildID
5 3
5 4
IsPartOfTable

ID Code Text
3 E10 Insulindependentdiabetes
4 E11 Noninsulindependentdiabetes
5 E1 Diabetes

DiagnosisTable

Table 1. Data for the Case Study

Thephysiciansissueaggregationquerieson this datain
ordertoobtainhigh-level informationconcerningtheoverall
stateof the patientpopulation. We usethe casestudy to

illustratethekind of challengesfacedby thephysiciansand
addressedby this paper.

It is importantto keepthe HbA1c% ascloseto normal
aspossible,aspatientsmight collapseor get liver damage
if the HbA1c% is too low or high, respectively. Thus, a
typical queryis to askfor theaverageHbA1c%groupedby
low-leveldiagnosis. Thisshowsthedifferencesin theblood
sugarlevel for the differentpatientgroups,as determined
by thediagnoses,indicatingwhich patientswill benefitthe
mostfrom closemonitoringandcontrolof theHbA1c%.

However there are some problems in answeringthis
query. First, Jim Doe is diagnosedwith “Diabetes” (a di-
agnosisfamily), whichis notpreciseenoughto determinein
which groupof low-level diagnosesJim Doebelongs.Sec-
ond, the HbA1c% valuesthemselves are imprecise. John
Doe hasa value obtainedwith the new, precisemeasure-
mentmethod,JaneDoe hasonly an imprecisevalue,and
JimDoe’sHbA1c%is unknown.

This imprecisionmust be communicatedto the physi-
cianssothatit maybetakeninto accountwheninterpreting
the queryresults. This helpsto ensurethat the physicians
will not makeimportantclinical decisionson a “weak” ba-
sis. We now proceedto describeour approachto handling
theimprecision.

3 Data Model and Query Language Context

This sectiondefinestheconceptsneededto illustrateour
approach.Specifically, the necessarypartsof an extended
multidimensionaldatamodelandalgebraaredefined[14],
in addition to someadditional conceptsthat may be ex-
pressedin termsof themodel.

The presenteddatamodelhasbeenchosenover “stan-
dard” models,suchasstaror snowflake schemas,for sev-
eral reasons.First, the modelallows for a precise,formal
definitionof multidimensionalconceptssuchashierarchies
andgranularities,asopposedto starandsnowflakeschemas,
which only definestheseconceptsinformally. Second,the
modelallows us to mapfactsdirectly to dimensionvalues
at any level in a dimensionhierarchy, a featurewhich our
approachusesto captureimprecision. This is not directly
possiblein staror snowflakeschemas,but canbeemulated
in bothof thesemodels,aswell asin othermultidimensional
models.Thus,it is still possibleto useourapproachwith ex-
istingmultidimensionaltoolsandtechniques.

3.1 The Data Model

For every partof thedatamodel,we definethe intension
andtheextension, andgiveanillustratingexample.

An n-dimensionalfactschemais atwo-tuple��������� ��� ,
where � is a fact type and �!�#"%$'&(�*)+�-,��/.�.��*�10 is its
correspondingdimensiontypes.



Example 1 In thecasestudywewill havePatientasthefact
type, andDiagnosisandHbA1c%as the dimensiontypes.
The intuition is that everything that characterizesthe fact
type is consideredto be dimensional, even attributesthat
wouldbeconsideredasmeasuresin othermultidimensional
models.

A dimensiontype $ is a four-tuple ��23�54768�
9�68�
:�6;� ,
where 2<�="/2?>@� AB�C,��/.�.��*DE0 arethe category typesof $ ,4F6 is a partialorderon the 2G> ’s,with 986IHJ2 and :�6IH�2
being the top andbottomelementof the ordering,respec-
tively. Thus,thecategory typesform a lattice.Theintuition
is thatonecategory type is “greaterthan” anotherif mem-
bersof theformer’s extensionlogically containmembersof
the latter’s extension,i.e., they have a larger elementsize.
The top elementof the orderingcorrespondsto the largest
possibleelementsize,thatis, thereis only oneelementin its
extension,logically containingall otherelements.

Wesaythat 2G> is a category typeof $ , written 2?>KHJ$ , if2?>LH+2 . We assumeafunction MON*P
QSRT2VUWCX/Y thatgivesthe
setof immediatepredecessorsof a category type 2G> .
Example 2 Low-level diagnosesarecontainedin diagnosis
families. Thus, the Diagnosisdimensiontype hasthe fol-
lowing orderon its category types: :8Z[&]\
^
_a`(bc&]b = Low-level
Diagnosisd DiagnosisFamily de9�Z[&]\
^
_a`fb &]b . We have thatM�N*P
Qg� Low-levelDiagnosis���h" DiagnosisFamily0 . Precise
valuesof HbA1c% are containedin imprecisevalues(the
precisemeasurementmethodgivesusresultswith onedec-
imal point,while theimprecisemethodgivesusonly whole
numbers),e.g.,theprecisevalue“5.3” is containedin theim-
precisevalue“5”, whichcoverstherangeof (precise)values
[4.5–5.4]. Thus,otherexamplesof category typesarePre-
ciseandImprecisefrom theHbA1c%dimensiontype. Fig-
ure2, tobediscussedin detaillater, illustratesthedimension
typesof thecasestudy.
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Figure 2. Schema of the Case Study

A category i > of type 2 > is a setof dimensionvaluesj .
A dimensionk of type $l�h�f"/2 > 0@�
4 6 �59 6 �
: 6 � is a two-
tuple k=�m��iL�
48� , where in�o"?ip>q0 is a setof categories

ip> suchthat rts
u'Pq��ip>��+�=2G> and 4 is a partial orderonv > i > , the union of all dimensionvaluesin the individual
categories.

The definition of the partial order is: given two valuesjqw?�
j � then jqw74xj � if jqw is logically containedin j � . Wesay
that i > is a category of k , written i > HBk , if i > HBi . For
adimensionvalue j , wesaythat j is a dimensionalvalueofk , written jyHJk , if jyH v >Gip> .

We assumea partial order 4{z on thecategoriesin a di-
mension,asgivenby thepartialorder 476 onthecorrespond-
ing category types.

The category : Z in dimension k containsthe values
with the smallestvaluesize. The category with the largest
valuesize, 9 Z , containsexactly onevalue,denoted9 . For
all valuesj of thecategoriesof k , jy4�9 . Value 9 is simi-
lar to theALL constructof Grayetal. [10]. We assumethat
the partial order on category typesand the function M�N
P*Q
work directlyoncategories,with theordergivenby thecor-
respondingcategory types.

Example 3 In ourDiagnosisdimensionwehavethefollow-
ing categories,namedby their type. Low-levelDiagnosis="G|'�(}'0 , DiagnosisFamily = "?~@0 , and 98Z�&�\�^*_@`fb &�b���"�9�0 .
Thevaluesin thesetsrefer to the ID field in theDiagnosis
tableof Table1. Thepartialorder 4 is givenby theIsPartOf
tablein Table1. Additionally, value 9 is greaterthan,i.e.,
logically contains,all theotherdiagnosisvalues.

Let � be a setof facts,and k����("?ip>T0a�548� a dimen-
sion. A fact-dimensionrelation between � and k is a
set ����"��c�t�
j/�
0 , where �oH�� and j�H v >Gip> . Thus� links facts to dimensionvalues. We say that fact � is
characterizedby dimensionvalue j , written ��� j , if� jqwlH�k#�f���E�
jGw
�hH����ejqw�4�j/� . We require that� �xHx��� � j�H v > i > �(���E�
j%��H<�y�(� ; thuswe do not allow
missingvalues.Thereasonsfor disallowing missingvalues
arethatthey complicatethemodelandoftenhaveanunclear
meaning.If it is unknown which dimensionvaluea fact �
is characterizedby, we add the pair �c�E�
9�� to � , thus in-
dicatingthatwe cannotcharacterize� within theparticular
dimension.

Example 4 The fact-dimensionrelation � links patient
factsto diagnosisdimensionvaluesasgivenby theHastable
from thecasestudy. We get that ����" (0,5), (1,3), (2,4)0 .
Note thatwe canrelatefactsto valuesin higher-level cate-
gories,e.g.,fact0 is relatedto diagnosis5,whichbelongsto
theDiagnosisFamilycategory. Thus,wedonot requirethatj belongsto :��;���f���?�
��� � , asdo othermultidimensionaldata
models.This featurewill beusedlaterto explicitly capture
thedifferentgranularityin thedata.Hadno diagnosisbeen
known for patient1, wewouldhave addedthepair �*,T�
9y� to� .

A multidimensionalobject (MO) is a four-tuple ¡ ����8�*�{�*k+�
�y� , where���¢�£�+�c����"/$ & 0?� is thefactschema,



�C��"?�¤0 is a setof facts � where rEs
u¥Pq�c�t�+�=� , k��"?kL&*�
)p�l,��/.�.��
�10 is a setof dimensionswhere rts
u'Pq��kL&��O�$'& , and �C�¦"?��&f�
)S��,��/.�.��*�10 is a setof fact-dimension
relations,suchthat

� ) �f�c�E�*j/��H§��&7¨©�ªHI�e� � i > HIk�&��jyHJi > �f� .
Example 5 For the casestudy, we get a four-dimensional
MO ¡«�¬���8�
�7�*k+�
�y� , where �l��� Patient, " Diagnosis,
HbA1c%0?� and ����"G­'�/,��
X@0 . Thedefinitionof thediagno-
sisdimensionandits correspondingfact-dimensionrelation
wasgivenin thepreviousexamples.The HbA1c%dimen-
sion hasthe categoriesPrecise, Imprecise, and 9�®p¯�°p±
²c³ .
The Precisecategory has valueswith one decimal point
as members,e.g., “5.5,” while the Imprecisecategory has
integer values. The valuesof both categories fall in the
range[2–12]. Thepartialorderon theHbA1c%dimension
groupsthe valuesprecisevaluesinto the imprecisein the
naturalway, e.g., }t.´~x4µ~ and ~'. }e4C~ (note that 4 de-
noteslogical inclusion,not less-than-or-equalon numbers).
The fact-dimensionrelationfor the HbA1c%dimensionis:� � �h"��c­'�59��
�5�*,T�*~g. ~��5�
�cX'�f¶T�
0 . TheNameandSSNdimen-
sionsaresimple,i.e.,they justhavea : category type,Name
respectively SSN,anda 9 category type. We will refer to
thisMO asthePatientMO. Its schemais seenin Figure2.

To summarize,factsare objectswith separate identity.
They canbetestedfor equality, but donothave anordering.
The combinationof the dimensionvaluesthat characterize
the facts in an MO do not constitutea “key” for the MO.
Theremay be “duplicatevalues,” in the sensethat several
factsmaybe characterizedby the samecombinationof di-
mensionvalues.But the factsof anMO is a set, so we do
nothave duplicatefactsin anMO.

As few additionaldefinitionsareneeded.For a dimen-
sionvalue j suchthat j�Hei > , we saythat the granularity
of j is i > . For a fact � suchthat �c�t�
j/��H§��& and j·Hei > ,
wesaythatthegranularityof � in thedimensionis i > . Di-
mensionvaluesin the : category aresaidto have thefinest
granularity, while thevaluein the 9 category hasthecoars-
estgranularity.

Next, for dimensionk��l�ci��54{� , we assumea function¸ Z Rtk¬UW©i , thatgivesthegranularityof dimensionval-
ues.For anMO ¡¹�����8�
�7�*k+�
�y� , where k & �º��i & �54 & � ,
weassumeafamily of functionş

K»'¼ RT�<UWCi & ��)½�h,��/.�.��
� ,
eachgiving thegranularitiesof factsin dimensionk & .
3.2 The Algebra

Whenhandlingimprecision,it is notenoughto recordthe
imprecisionof thedataitself. Wealsoneedto handleimpre-
cisionin thequeriesperformedon thedata.Thus,we need
a precisespecificationof thequeriesthatcanbeperformed
on the data. To this end,we defineanalgebraicquerylan-
guageon themultidimensionalobjectsjust defined.Thefo-
cusof this paperis onaggregation,sowewill only give the

definition of the operatorusedfor aggregation. The other
operatorsof the algebraarecloseto thestandardrelational
algebraoperators,andincludeselection,projection,rename,
union,difference,andidentity-basedjoin [14]. Thealgebra
is at leastaspowerful asKlug’s [12] relationalalgebrawith
aggregationfunctions[14].

For the aggregationoperatordefinition, we needa pre-
liminary definition. We define ¾7N*¿qÀ%u that groupstogether
the facts in an MO characterizedby the same dimen-
sion values. Given an n-dimensionalMO, ¡ ���£�8�
�7�k!�#"Gk & 0a�
�C�#"G� & 0?�
�
)+��,T�%.�.��
� , a set of categoriesi=�="Gi &�Á i & HÂk & 0a�
)���,��/.�.��
� , onefrom eachof the
dimensionsof ¡ , and an n-tuple �cj w �/.�.��
j _ � , where j & Hi & �
)���,��/.�.��*� , we define ¾7N
¿GÀ/u as: ¾7N*¿qÀ/u���j w �%.�.��
j _ �·�"G� Á ��H��I�+��� w j w �Ã.�.
�+�L� _ j _ 0 .

Theaggregateformationoperatoris usedto computeag-
gregatefunctionson theMO’s. For notationalconvenience
andfollowing Klug [12], weassumetheexistenceof a fam-
ily of aggregationfunctionsÄ thattakesomeD -dimensional
subset"?kL&�Å%�/.�.��
k�&]Æq0 of the � dimensionsasarguments,e.g.,Ç�È¤É & sumsthe ) ’ th dimensionand

Ç�È¤É & > sumsthe ) ’ th
and A ’ th dimensions.

Given an n-dimensionalMO, ¡ , a “result” dimensionk _aÊ1w of type $ _aÊ1w , an aggregation function, ÄlRyX » UWk _aÊ1w (function Ä “looks up” therequireddatafor thefacts
in therelevantfact-dimensionrelations,e.g.,

ÇOÈ�É & findsits
datain fact-dimensionrelation � & ), and a set of grouping
categories i & H�k & �
)½�h,��/.�.��
� , wedefineaggregateforma-
tion, Ë , asfollows.

ËOÌ´k�_@Ê1w%�(Ät�
i�w��/.�.��*iO_/Íc��¡������£�[Îc�
�yÎ£�
k�Îc�*��Î��
�(Ï7Ð'Ñ
ÒfÑ�[ÎS�����ÓÎc� �ÓÎ��5�½��ÎÓ��XqÔ8��ÓÎS��"/$�Î& �
)½�Â,��/.�.��
�10 v "%$'_@Ê1w
0a�$�Î& ����2tÎ& �547Î6 ¼ �5:8Î6 ¼ �
9�Î6 ¼ �
�2EÎ& ��"/2@& > H+$'& Á rEs
u¥Pq�ciO&���4 6 ¼ 2@& > 0a�54FÎ6 ¼ �Â4 6 ¼ÖÕ ×*Ø¼ �
:8Î6 ¼ �¹rEs
u¥Pq��i & �
�598Î6 ¼ �Ù986 ¼ ��yÎÓ�Ù"t¾7N
¿GÀ/u½�cjGwG�/.�.��
j
_@� Á ��jqw?�/.�.��*j5_a�OHJi�w8ÚÃ.�.@ÚJiO_�y¾7N
¿GÀ/u½�cjGwG�/.�.��
j
_@��Û�<Ü¥0a�k�ÎS��"Gk�Î& �*)��h,��/.�.��*�10 v "Gk _@Ê1w 0a�
k�Î& ���ciyÎ& �547Î& �5�iyÎ& �Ù"?iKÎ& > HBk &�Á rEs
u'PG�ciyÎ& > �FH�2EÎ& 0a�T47Î& ��4 & Õ ÝtØ¼ �
� Î �Ù"?� Î& �
)½�h,��/.�.��
�10 v "G� Î_aÊ1w 0@���Î& ��"T���gÎf�
j
Î& � Á � ��j w �%.�.��*j _ �FH�i w ÚÞ.�.@Ú�i _���gÎß�º¾7N*¿GÀ/u��cj w �/.�.��*j _ �½�+�gÎ½HJ�yÎ��+j & �<j5Î& �
0 , and��Î_aÊ1w � v�à]á Å(â´ã´ã´â á
ä
å�æ z�Å%çEã´ã�çgz ä "��/¾FN
¿GÀ/u1��j w �/.�.��
j _ �
�Äg�%¾7N*¿qÀ/u½�cj w �%.�.��
j _ �f�f� Á ¾7N*¿GÀ/u1��j w �/.�.��*j _ �yÛ�èÜ@0 .

Thus, for every combination �cjGwG�/.�.��
j
_@� of dimensionval-
uesin thegivengroupingcategories,weapply Ä to thesetof
facts "?�¤0 , wherethe � ’sarecharacterizedby ��jqwG�%.�.��*j5_a� , and
placetheresultin theresultdimensionkL_aÊ1w . Thenew facts
areof typesetsof theargumentfact type,andtheargument
dimensiontypesarerestrictedto thecategory typesthatare
greaterthanor equalto the typesof the given “grouping”
categories. The dimensiontype for the result is addedto



the set of dimensiontypes. The new setof factsconsists
of setsof the original facts, wherethe original facts in a
setsharea combinationof characterizingdimensionvalues.
Theargumentdimensionsarerestrictedto theremainingcat-
egory types,and the resultdimensionis added. The fact-
dimensionrelationsfor the argumentdimensionsnow link
setsof factsdirectly to their correspondingcombinationof
dimensionvalues,andthefact-dimensionrelationfor there-
sult dimensionlinks setsof factsto the functionresultsfor
thesesets.

Example 6 We want to know the numberof patientsin
eachdiagnosisfamily. To do so, we apply the aggregate-
formationoperatorto the “Patient” MO with the Diagno-
sisGroup category andthe 9 categoriesfrom theotherdi-
mensions.Theaggregatefunction Ä to beusedis SetCount,
whichcountsthenumberof membersin a set.Theresulting
MO hasfive dimensions,but only the Diagnosisand Re-
sult dimensionsarenon-trivial, i.e., theremainingthreedi-
mensionscontainonly the 9 categories. Thesetof factsis���="�"G­'�/,��
X@0T0 . The Diagnosisdimensionis cut, so that
only the part from DiagnosisFamily and up is kept. The
resultdimensiongroupsthe countsinto two ranges:“0–2”
and “ é 2”. The fact-dimensionrelation for the Diagnosis
dimensionlinks the setsof patientsto their corresponding
DiagnosisFamily. The contentis: �Lw��="T�f"?­g�%,T�*X¥0a�
~���0 ,
meaningthatthesetof patients"?­'�/,��
X@0 is characterizedby
diagnosisfamily ~ . The fact-dimensionrelationfor there-
sult dimensionrelatethe groupof patientsto the countfor
thegroup. The contentis: � � �m"��("?­'�/,��
X@0@�*|T�
0 , meaning
that theresultof Ä on the set "G­'�/,��
X@0 is | . A graphicalil-
lustrationof the MO, leaving out the trivial dimensionsfor
simplicity, is seenin Figure3.
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Figure 3. Result MO for Aggregate Formation

4 Handling Imprecision

We now describeour approachto handlingimprecision
in multidimensionaldata models. We start by giving an
overview of theapproach,andthendescribehow alternative
queriesmaybeusedwhenthedatais not preciseenoughto
answerqueriesprecisely, i.e., whenthe datausedto group
on is registeredat granularitiescoarserthan the grouping
categories.

4.1 Overview of Approach

Along with the modeldefinition,we presentedhow the
casestudywouldbehandledin themodel.Thisalsoshowed
how imprecisioncouldbehandled,namelyby mappingfacts
to dimensionvaluesof coarsergranularitieswhentheinfor-
mationwasimprecise,e.g.,themappingto 9 whenthediag-
nosisis unknown. TheHbA1c%dimensiongeneralizesthis
approach,as several precisemeasurementvaluesare con-
tainedin oneimprecisemeasurementvalue.In turn,several
imprecisevaluesarecontainedin the 9 (unknown) value.
Thus,theapproachusesthedifferentlevelsof thegranular-
ity alreadypresentin multidimensionaldatamodelsto also
captureimprecisionin a generalway.

The approachhasa nice property, provided directly by
the dimensional“imprecision” hierarchydescribedabove.
When the data is preciseenoughto answera query, the
answeris obtainedstraightaway, even thoughthe underly-
ing factsmay have varyinggranularities.For example,the
queryfrom Example6 givesus the numberof patientsdi-
agnosedwith diagnosesin theDiabetesfamily, eventhough
two of the patientshave low-level diagnoses,while one is
diagnoseddirectly with a Diabetesfamily. In this case,the
datawould not be preciseenoughto groupthe patientsby
Low-level Diagnosis.

Ourgeneralapproachto handlingaquerystartsby testing
if the data is preciseenoughto answerthequery, in which
casethequerycanbeanswereddirectly. Otherwise,anal-
ternativequery is suggested.In the alternative query, the
categoriesusedfor groupingarecoarsenedexactly somuch
that the datais preciseenoughto answerthe (alternative)
query. Thus,thealternativequerywill givethemostdetailed
preciseanswerpossible,consideringthe imprecisionin the
data.For example,if thephysicianwasaskingfor thepatient
countgroupedby low-level diagnosis,thealternative query
wouldbethepatientcountgroupedby diagnosisfamily.

If thephysicianstill wantsto go aheadwith theoriginal
query, we needto handlethe imprecisionexplicitly. Exam-
ining ouralgebra[14], it canbeseenthatimprecisionin the
datawill only affect theresultof two operators,namelyse-
lectionandaggregateformation(thejoin operatortestsonly
for equalityon fact identities, which arenot subjectto im-
precision).Thus,we needonly handleimprecisiondirectly
for thesetwo operators;the otheroperatorswill just “pass
on” theresultscontainingimprecisionuntouched.However,
if we canhandleimprecisionin thegroupingof facts,ordi-
nary OLAP style “slicing/dicing” selectionis alsohandled
straightforwardly, asslicing/dicingis just selectionof data
for oneof a setof groups. Becauseour focusis on OLAP
functionality, we will not go into themoregeneralproblem
of imprecisionin selections,but refer to theexisting litera-
ture[13].

Following this reasoning,thegeneralquerythatwemust
consideris Ë�Ì´i w �/.�.��*i _ �
k _@Ê1w �(ÄGÍc�c¡�� , where ¡ is an � -



dimensionalMO, i w �%.�.��*i _ are the grouping categories,k�_@Ê1w is theresultdimension,and Ä is theaggregationfunc-
tion. Theevaluationof thequeryproceeds(logically) asfol-
lows. First, factsaregroupedaccordingto the dimension
valuesin the categories i�w%�%.�.��
iO_ that characterizethem.
Second,the aggregatefunction Ä is appliedto the factsin
eachgroup,yielding an“aggregateresult” dimensionvalue
in the resultdimensionfor eachgroup. The evaluationap-
proachis givenby thepseudo-codebelow.

Procedure EvalImprecise(ì , ¡ )
if PreciseEnough(ì , ¡ ) then Eval(ì , ¡ )
else ìyÎt� Alternative(ì , ¡ )

if ì Î is acceptedthen Eval(ì Î ,¡ )
else HandleImprecisionin Grouping

HandleImprecisionin AggregateComputation
ReturnImpreciseResult

end if
end if

Our overall approachto handlingthe imprecisionin all
phaseswill beto usethegranularityof thedata,or measures
thereof,to representtheimprecisionin thedata.Thisallows
for abothsimpleandefficienthandlingof imprecision.

4.2 Alternative Queries

Thefirst stepin theevaluationof aqueryis to testwhether
the underlyingdatais preciseenoughto answerthe query.
This meansthat all factsin the MO mustbe linked to cat-
egoriesthat are “less-than-or-equal” to the groupingcate-
goriesin thequery, e.g.,if we want to groupby Low-level
Diagnosis,all fact-dimensionrelationsfrom patientsto the
Diagnosisdimensionmustmapto theLow-level Diagnosis
category, not to DiagnosisFamily or 9 .

In order to performthe test for dataprecision,we need
to know thegranularitiesof thedatain thedifferentdimen-
sions. For this, for eachMO, ¡ , we maintaina separate
precisionMO, ¡+í . TheprecisionMO hasthesamenumber
of dimensionsastheoriginalMO. For eachdimensionin the
original MO, the precisionMO hasa corresponding“gran-
ularity” dimension.The ) ’ th granularitydimensionhasonly
two categories, ¾7N
îGï'À@ð�îqN
ñ�òcs & and 9 í ¼ . Thereis onevalue
in a “Granularity” category for eachcategory in the corre-
spondingdimensionin ¡ . Thesetof facts � is thesameas
in ¡ , andthefact-dimensionrelationsfor ¡ í mapa fact �
to thedimensionvaluecorrespondingto thecategory that �
wasmappedto in ¡ . Thedeterminationof whethera given
querycanbeansweredpreciselyis dependenton theactual
datain theMO, andcanchangewhenthedatain theMO is
changed.Thus,we needto updatetheprecisionMO along
with theoriginalMO whendatachanges.

Formally, givenanMO, ¡ó�º�£���*�7�
k+�
��� , where �<��£�+�c��� , ���º"%$ & �*)O�m,��/.�. �10 , $ & ����2 & �5476 ¼ � , 2 & �m"%2 & >G0 ,

k=�o"?k & �
)8�¬,��/.�.��
�10 , and �OíÃ��"G��í ¼ �
)8�¬,��/.�.��
�10 , we
definetheprecisionMO, ¡ í , asfollows.

¡+í����£�'í��
�Eí'�*k�íE�*�Oí�� , where�'íÓ�Â�£�[íE�c�8í@�
�/�[í��è����8í��Â"%$�í ¼ �
)��ô,T�%.�.��*�10@�f$Tí ¼ ��"E¾7N*îGïgÀað�îGN
ñ�ò�s & �59�í ¼ 0@��Eí����7�Gk8í���"?k�í ¼ �
)��ô,T�%.�.��*�10@�tk�í ¼ �Â��ipí ¼ �54[í ¼ �5�i í ¼ �Â"t¾7N
îGï'À@ð�îqN
ñ�òcs & �59 í ¼ 0a�¾7N*îqï'À@ð�îqN
ñ�òcs & ��" ¸ Z ¼ �cj%� Á jKH�kL&f0@�[9 í ¼ ��"�9�&c0a�jqw74 í ¼ j �7õ �cjGw���j � ��ö���jqw8HI¾7N*îqï'À@ð�îGN5ñ�ò�s & �+j � ��98&c�
�
and � í ¼ �Â"��c�t� ¸ Z ¼ ��j/�f� Á ���E�
j%�OHB��&c0 .
Example 7 TheMO from Example5 hastheprecisionMO¡+íJ�m���'ít�
�Eít�
k�ít�
�Oí�� , wheretheschema�'í hasthe fact
type Patient and the dimensiontypes ¾7N*îqï �;���f���?�
��� � and¾7N*îqït®p¯�°p±
²c³ . The dimensiontype ¾7N
îGï �p���f�
�G�
��� � hasthe
category types ¾7N*îqï'À@ð�îqN
ñ�òcs �p���f�
�G�
��� � and 9�÷ßø£�
�
�p���f�
�G�
��� � .
The dimensiontype ¾FN
îGï ®p¯£°p±5²�³ has the category types¾7N*îqï'À@ð�îqN
ñ�òcs ®p¯£°p±
²c³ and 9 ÷Eø£�
� ®p¯£°p±5²�³ . The set of facts
is the same,namely � í �ù"G­'�/,��
X@0 . Following the di-
mensiontypes, there are two dimensions, ¾7N
îGï��p���f�
�G�
��� �
and ¾7N*îqï ®p¯£°p±
²c³ . The ¾FN
îGï �p���f�
�G�
��� � dimensionhasthe
categories ¾7N*îqï'À@ð�îGN5ñ�ò�s �p���(�
�G�
�£�ú� and 9 ÷ßø£�
�
�p���f�
�G�
��� � . The
valuesof the ¾7N*îqï'À@ð�îGN5ñ�ò�s �p���(�
�G�
�£�ú� category is the set of
category types " Low-level Diagnosis, DiagnosisFamily,9 �;���f���?���£�ú� 0 . The ¾7N*îGï ®p¯£°p±
²c³ dimensionhas the cate-
gories ¾7N*îqï'À@ð�îqN
ñ�òcs ®p¯£°p±
²c³ and 9 ÷Eø£��� ®p¯�°p±
²c³ . The val-
uesof the ¾7N*îqï'À@ð�îqN
ñ�òcs ®p¯£°p±
²c³ category is the set " Pre-
cise, Imprecise, 9 ®p¯�°p±
²c³ 0 . The partial orderson the two
dimensionsare the simple ones,where the valuesin the
bottom category are unrelatedand the 9 value is greater
than all of them. The fact-dimensionsrelations �Lw and� � have the contents� w �¹"��c­'� DiagnosisFamily�
�5�*,��
Low-levelDiagnosis�
�5��Xg� Low-levelDiagnosis��0 and � � �"T��­'�59 ®p¯�°p±
²c³ �5�
�
,��5M�N*P
û5ñ�ü%P
�5�
�cX'�
ý
þ�utN*P
û5ñ�ü%P
�
0 . A graphical
illustrationof theprecisionMO is seenin Figure4.
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Figure 4. Precision MO

The test to see if the data is preciseenoughto an-
swer a query ì can be performedby rewriting the queryìl��ËOÌ´i�w
�%.�.��*iO_E�*kL_aÊ1w/�fÄqÍ��c¡�� to a “testing” query ì í �ËOÌ ¸ w
�%.�.�� ¸ _'� ¸ _aÊ1w%� Ç P�ò���¿qÀaï¥òcÍc��¡ í � , where

¸ & is the cor-
responding“granularity” componentin k í ¼ if iO&IÛ�-98& .
Otherwise,

¸ &V��98& . Thus, we group only on the gran-
ularity componentscorrespondingto the componentsthat



the physician has chosento group on. The dimension¸ _aÊ1w is usedto hold the result of countingthe members
in each“granularitygroup.” Theresultof the testingquery
shows how many factsmap to eachcombinationof gran-
ularities in the dimensionsthat the physicianhas chosen
to group on. This result can be usedto suggestalterna-
tive queries,asit is now easyto determinefor eachdimen-
sion k & the minimal category iyÎ& thathasthe propertythatrts
u'Pq��i & �·476 ¼ rEs
u'Pq��iyÎ& �Þ� � i & >L���ÂH¢���ª���E�
j%�·H�� &��jIHni & >§¨ rEs
u¥Pq�ci & >G� d76 ¼ rEs
u¥Pq�ciyÎ& �f� , i.e., in each
dimensionwe choosetheminimal category greaterthanor
equalto theoriginalgroupingcategorywherethedatais pre-
ciseenoughto determinehow togroupthefacts.Wecanalso
directlypresentthe resultof the testingqueryto the physi-
cian, to inform aboutthe level of dataimprecisionfor that
particularquery. Thephysiciancanthenusethis additional
informationto decidewhetherto runthealternativequeryor
proceedwith theoriginalone.

Example 8 The physician wants to know the average
HbA1c% groupedby Low-level Diagnosis. The query
askedis then ìC�¦Ë�Ì Low-level Diagnosis�59 ®p¯£°p±
²c³ �
k������� ¾ � Íc��¡�� , thus effectively grouping only on Low-
level Diagnosis, as the 9 ®p¯£°p±5²�³ componenthas only
one value. The testing query then becomes ì í �Ë�Ì�¾7N*îqï'À@ð�îqN
ñ�òcs �;���f��� ã �
9 ÷ßø£�
� ®p¯£°p±
²c³ �
k � � Ç P�ò���¿qÀaï¥òcÍc��¡ í � ,
which counts the numberof facts with the different Di-
agnosisgranularity levels. The result of ì í , described
by the fact-dimension relations, is ��w � "T�f"a,T�*X¥0a�
Low-level Diagnosis�
�5�f"?­¥0a� Diagnosis Family�
0 , � � �"��f"@,��
X@0@�
9 ÷ßø£�
� ®p¯£°p±
²c³ �
�5�f"?­¥0a�59 ÷Eø��
� ®p¯�°p±
²c³ �
0 , and �����"�"��("a,T�*X¥0a�
X��
�5�f"G­T0a�/,
�
0 . This tells us that2 patientshave a
low-level diagnosis,while 1 hasa diagnosisfamily diagno-
sis. Thus, the alternative querywill be ì=� ËOÌ Diagnosis
Family, 9�®p¯£°p±
²c³��*k���� �	� ¾ � Íc��¡�� , which groups on
DiagnosisFamily ratherthanLow-level Diagnosis.

5 Handling Imprecision in Query Evaluation

If thephysicianwantstheoriginal queryanswered,even
thoughthedatais notpreciseenough,weneedto handleim-
precisionin thequeryevaluation.Thissectionshowshow to
handleimprecisionin thegroupingof dataandin thecom-
putationof aggregatefunctions,followedby presentingthe
impreciseresultto thephysician.

5.1 Imprecision in Grouping

Wefirst needtheability to handleimprecisionin thedata
usedto groupthe facts. If a fact mapsto a category that is
finer thanor equalto the groupingcategory in that dimen-
sion, thereareno problems. However, if a fact mapsto a
coarsercategory, we do not know with which of theunder-
lying valuesin thegroupingcategory, it shouldbegrouped.

To remedythe situation,we give the physicianseveral an-
swersto thequery. First,aconservativeansweris giventhat
includesin a grouponly datathatis knownto belongto that
group, but discardsthe datathat is not preciseenoughto
determinegroupmembership.Second,a liberal answeris
giventhat includesin a groupall datathat mightbelongto
thatgroup. Third, a weightedansweris giventhat alsoin-
cludesin a groupall datathatmight belongto it, but where
the inclusionof datain the groupis weightedaccordingto
how likely the membershipis. Any subsetof thesethree
answerscan alsobe presentedif the physicianso prefers.
Thesethreeanswersgive a goodoverview of how the im-
precisionin thedataaffectsthequeryresultandthusprovide
a goodfoundationfor makingdecisionstakingtheimpreci-
sioninto account.Weproceedto investigatehow tocompute
theanswers.

Theconservative groupingis quiteeasyto compute.We
just apply the standard aggregateformationoperatorfrom
thealgebra,which by defaultgroupsonly the factsthatare
characterizedby dimensionvalueshaving agranularityfiner
thanor equalto thegranularityof thegroupingcomponents
in the respective dimensions.The restof the factsaredis-
carded,leaving just theconservative result.

For theliberal grouping,weneedto additionallycapture
thedatathataremappeddirectly to categoriescoarserthan
thegroupingcategories.To allow for a precisedefinitionof
theliberal grouping,we changethesemanticsof theaggre-
gateformationoperator. In the full paper[15], we discuss
how to getthesameresultusingonly thestandardaggregate
formation operator, thus maintainingthe ability to imple-
menttheapproachwithout theneedfor new operators.We
changethesemanticsof theaggregateformationoperatorso
that thefactsaregroupedaccordingto dimensionvaluesof
thefinestgranularity coarserthanor equalto thegrouping
categories available. Thus, either a fact is mappedto di-
mensionvaluesin categoriesat leastasfine asthegrouping
categories,i.e., the datais “preciseenough,” or the fact is
mappeddirectly to dimensionvaluesof a coarsergranular-
ity thanthegroupingcategories.Theformalsemanticsof the
modifiedaggregateformationoperatoris givenby replacing
theoriginaldefinitionswith theonesgivenbelow.

�yÎ'�Â"t¾7N*¿qÀ/u½�cj w �%.�.��
j _ � Á ��j w �/.�.��
j _ �OHJk w Ú .�.@ÚJk _��rEs
u¥Pq��i w �O476�Å ¸ w ��j w ���Ã.�.%�IrEs
u¥Pq�ci _ �F4F6 ä ¸ _ ��j _ ��y¾7N*¿GÀ/u1��j w �/.�.��*j _ ��Û��Ü7�J� � )1��
 � j5Î& �cj
Î& d & j &�y¾7N*¿GÀ/u��cj w �/.�.��*j Î& �%.�.��*j _ �
�l¾7N*¿GÀ/u1��j w �/.�.��*j & �%.�.��*j _ �(�f�(�
0��Î& ��"T���gÎf�*j5Î& � Á � ��j w �/.�.��*j _ �OHJk w ÚÞ.�.@Ú+k _���gÎß�º¾7N*¿GÀ/u1��j w �/.�.��*j _ ���+�gÎ½HB�yÎ��+j & �<j5Î& �
0
Thus,weallow thedimensionvaluesto rangeover thecate-
goriesthathavecoarseror thesamegranularityasthegroup-
ing categories.We groupaccordingto themostpreciseval-
ues,of a granularityat leastascoarseasthegroupingcate-
gories,thatcharacterizea fact.



Example 9 If we want to know the numberof patients,
groupedby Low-level Diagnosis,andprojectout the other
three dimensions,we will get the set of facts �yÎ��"�"?­¥0a�5"a,q0a�5"?XT0�0 ,meaningthateachpatientgoesinto asepa-
rategroup,onefor eachof the two low-level diagnosesand
onefor the Diabetesdiagnosisfamily. The fact-dimension
relationsare � w �º"��("?­¥0a�
~��
�5�f"@,G0@�*|T�
�5�f"%X@0@�c}a��0 and � � �"��f"G­@0@�%,/�
�5�f"a,q0a�/,
�
�5�f"GX@0��/,%�
0 . We seethat eachgroup of
patients(with one member)is mappedto the most pre-
cisememberof theDiagnosisdimensionwith a granularity
coarserthanor equalto Low-level Diagnosis,thatcharacter-
ize thegroup.Thecountfor eachgroupis 1.

We canusethe resultof the modifiedaggregateforma-
tion operatorto computethe liberal grouping. For each
group characterizedby valuesin the groupingcategories,
i.e., the “preciseenough”data, we add the facts belong-
ing to groupscharacterizedby values that “contain” the
precisevalues,i.e., we add the facts that might be char-
acterizedby the precisevalues. Formally, we say that¾FN
¿GÀ/u��]�cj w �/.�.��
j _ �=� v á Ø Å�� Å á Å â´ã´ã´â á Ø ä � ä á ä ¾7N*¿qÀ%u1��j5Î w �%.�.��*j5Î_ � ,
wherethe ¾FN
¿GÀ/u1��j5Î w �/.�.��
j5Î_ � ’s arethegroupsin theresultof
themodifiedaggregateformationoperator. Thus,theliberal
(andconservative)groupingis easilycomputedfrom there-
sultof themodifiedaggregateformationoperator.

Example 10 If we want the numberof patients,grouped
liberally by Low-level Diagnosis,we will get the set of
facts �yÎV�-"T"?­'�/,G0@�
"G­'�fX¥0�0 , meaningthat patient0 goes
into both of the two low-level diagnosisgroups. The fact-
dimensionrelationsare � w �º"��f"G­'�/,G0@�*|T�
�5�f"?­g�*X¥0��f}���0 and� � ��"T�f"G­'�/,G0a�
X��5�
�("?­g�fX@0@�fX���0 . We seethateachpatientis
mappedto all thelow-level diagnosesthatmight betruefor
thepatient.Thecountfor eachgroupis 2, meaningthatfor
eachof thetwo low-level diagnoses,theremight betwo pa-
tientswith thatdiagnosis.Of course,this cannotbetruefor
bothdiagnosessimultaneously.

Theliberalapproachoverrepresentstheimprecisevalues
in the result. If the samefact endsup in, say, 20 different
groups,it is undesirableto give it the sameweight in the
result for a groupasthe factsthat certainlybelongto that
group,becausethis would meanthat the imprecisefact is
reflected20timesin theoverallresult,while theprecisefacts
areonly reflectedonce. It is desirableto geta resultwhere
all factsarereflectedat mostoncein theoverall result.

To do so we introducea weight � for eachfact � in a
group,makingthe groupa fuzzyset [20]. We usethe no-
tation �mH���¾7N*¿qÀ%u1��j w �%.�.��*j _ � to meanthat � belongsto¾FN
¿GÀ/u1��jqw?�/.�.��
j5_a� with weight � . The weight assignedto
the membershipof the group comesfrom the partial or-
der 4 on dimensionvalues. For eachpair of values jqw?�
j �
suchthat jqw�4ôj � , we assigna weight � , usingthenotationjGw74����E�tj � , meaningthat j � shouldbecountedwith weight
� whengroupedwith j w . Normally, the weightswould be

assignedso that for a category i anda dimensionvalue j ,
wehave that � á Å æ z�� á Å�� à í å]á �V�l, , i.e., theweightsfor one
dimensionvaluew.r.t. any given category addsup to one.
Thiswouldmeanthatimprecisefactsarecountedonly once
in theresultset. However, we do not assumethis, to allow
for a moreflexible attributionof weights.

Formally, we define a new Group function that also
computesthe weighting of facts: ¾FN
¿GÀ/u � �cj w �/.�.��
j _ �l�v á Ø Å � Å à í Å åÖá Å â´ã´ã´â á Ø ä � ä à í ä å]á ä ¾FN
¿GÀ/u1��j5Î w �/.�.��
j5Î_ � , where the¾7N*¿qÀ/u���j5Î w �/.�.��*j5Î_ � ’s are the groupsfrom the result of the
modified aggregate formation operator. The weight as-
signedto factsis givenby the groupmembershipas: �¢H¾7N*¿qÀ/u���j5Î w �/.�.��*j5Î_ �y¨!�ªH�� ��� ¯ à íTÅ(â´ã´ã´â í ä%å ¾7N*¿GÀ/u � ��j w �/.�.��
j _ � ,
where the j & ’s, the j
Î& ’s, and the � & ’s come from the¾7N*¿qÀ/u �

definition above. The function Comb combines
the weights from the different dimensionsto one, overall
weight. The most common combination function will
be ��¿qþ��q���¤w%�/.�.�� �'_@�J�!��w�"�.�.�"#�'_ , but for flexibility , we
allow the useof moregeneralcombinationfunctions,e.g.,
functionsthat favor certaindimensionsover others. Note
that all membersof a group in the result of the modified
aggregateformationoperatorget the sameweight, asthey
are characterizedby the samecombinationof dimension
values. The idea is to apply the weight of facts in the
computationof the aggregateresult,so that factswith low
weightsonly contribute little to the overall result. This is
treatedin detail in the next section,but we give a small
examplehereto illustratetheconceptof weightedgroups.

Example 11 We know that80% of Diabetespatientshave
insulin-dependentdiabetes,while 20% have non-insulin-
dependentdiabetes. Thus, we have that |Â4��*.%$T�7~ and}¦4 �
. XT�y~ , i.e., the weight on the link betweenDia-
betesandInsulin-dependentdiabetesis .%$ andtheweighton
the link betweenDiabetesand Non-insulin-dependentDi-
abetesis . X . The weight on all other links is , . Again,
we want to know thenumberof patients,groupedby Low-
level Diagnosis.The ¾7N*¿qÀ%u �

functiondividesthefactsinto
two setswith weightedfacts,giving the setof facts � Î �"T"?­ ã & �/,Gw
0@�
"G­ ã � �
X@w
0 . Using subscriptsto indicate mem-
bershipweighting, the result of the computationis given
in the fact-dimensionrelations ��Î w �C"T�f"G­ ã & �/,Gw
0a� Insulin-
dependentDiabetes�5�
�("?­ ã � �
X@w50a� Non-insulin-dependentDi-
abetes ��0 and ��Î� � "T�f"G­ ã & �/,Gw
0@�%,T.%$��
�5�f"G­ ã � �*X¥w
0a�/,�.´X���0 ,
meaningthat the weightedcount for the groupcontaining
the insulin-dependentdiabetespatients0 and 1 is 1.8 and
thecountfor the non-insulin-dependentdiabetespatients0
and2 is 1.2.

5.2 Imprecision in Computations

Having handledimprecisionwhengroupingfactsduring
aggregateformation,we proceedto handleimprecisionin
the computationof the aggregateresult itself. The overall



ideais hereto computetheresultingaggregatevalueby “im-
puting” precisevaluesfor imprecisevalues,andcarryalong
a computationof theimprecisionof theresult“on theside.”

For most MO’s, it only makessenseto the physician
to performcomputationson someof the dimensions,e.g.,
it makessenseto perform computationson the HbA1c%
dimension,but not on the Diagnosisdimension. For di-
mensionsk , wherecomputationmakessense,weassumea
function 'mR@knUWÙ: Z thatgivestheexpectedvalue, of the
finestgranularityin thedimension,for any dimensionvalue.
Theexpectedvalueis foundfromtheprobabilitydistribution
of precisevaluesaroundanimprecisevalue.Weassumethat
this distribution is known. For example,the distribution of
preciseHbA1c%valuesaroundthe 9 valuefollows a nor-
maldistributionwith acertainmeanandvariance.

Theaggregationfunction Ä thenworksby “looking up”
the dimensionvaluesfor a fact � in the argumentdimen-
sions,applyingthe expectedvalue function, ' , to the di-
mensionvalues,andcomputingthe aggregateresult using
theexpectedvalues,i.e., theresultsof applying ' to thedi-
mensionvalues.Thus,theaggregationfunctionsneedonly
work ondataof thefinestgranularity. Theprocessof substi-
tutingprecisevaluesfor imprecisevaluesis generallyknown
as imputation [16]. Normally, imputationis only usedto
substitutevaluesfor unknowndata,but the conceptis eas-
ily generalizedto substitutea valueof thefinestgranularity
for any valueof a coarsergranularity. We termthis process
generalizedimputation. In this way, wecanusedataof any
granularityin ouraggregationcomputations.

However, usingonly generalizedimputation,we do not
know how precisethe resultis. To determinetheprecision
of the result,we needto carry along in the computationa
measureof the precisionof the result. A granularity com-
putationmeasure (GCM) for a dimensionk is a type CM
thatrepresentsthegranularityof dimensionvaluesin D dur-
ing aggregatecomputation.A measure combinationfunc-
tion (MCF) for a granularitycomputationmeasureCM is a
function (IR CM Ú CM UW CM, thatcombinestwo granu-
larity computationmeasurevaluesinto one.Werequirethat
an MCF be distributive andsymmetric. This allows us to
directly combineintermediatevaluesof granularitycompu-
tation measuresinto the overall value. A final granularity
measure (FGM) is atypeFM thatrepresentsthe“real” gran-
ularity of a dimensionvalue. A final granularity function
(FGF) for a final granularitymeasureFM anda granularity
computationmeasureCM is a function DÃR CM UW FM that
mapsacomputationmeasurevalueto a final measurevalue.
Thereasonto distinguishbetweencomputationmeasureand
final measuresis only that this allows usto requirethat the
MCF is distributiveandsymmetric.Thechoiceof granular-
ity measuresandfunctionsis madedependingonhow much
is known aboutthe data,e.g., the probability distribution,
andwhatfinal granularitymeasurethephysiciandesires.

Example 12 The level of a dimensionvalue,with ­ for the
finestgranularity, , for thenext, andso on, up to � for the9 value,providesoneway of measuringthe granularityof
data. A simple,but meaningfulFGM is the average level
of the dimensionvaluesthat werecountedfor a particular
aggregateresultvalue. As the intermediateaveragevalues
cannotbecombinedinto thefinal average,we needto carry
thesumof levelsandthecountof factsduringthecomputa-
tion. Thus the GCM is CM �*)¹Ú+) , the pairsof nat-
ural numbers,and the GCM value for a dimensionvaluej is �-,¤P/.GP
ð��cj%�5�%,/� . The MCF is (��(��� w �*� � �
�5���0���
�01%�f�è��c� w32 �0���
� � 2 �01G� . TheFGM is 4 , therealnumbers,and
the FGF is DE�c� w �
� � ����� � 5 � w . In the casestudy, precise
valuessuchas ~g.´~ have level ­ , imprecisevaluessuchas ~
have level , , andthe 9 valuehaslevel X .

Example 13 The standard deviation 61�87J� of a setof val-
ues 7 from the averagevalue jG� 7�� is a widely usedesti-
matehow muchdatavariesaround j . Thus,it canalsobe
usedasan estimateof the precisionof a value. Given the
probabilitydistributionof precisevalues� aroundanimpre-
cisevalue ) , we cancomputethe standarddeviation of the
� ’s from '���)�� anduseit asa measureof the granularityof) . However, we cannotuse 6 asa GCM directly because
intermediate6 ’s cannotbecombinedinto theoverall 6 . In-
steadwe useas GCM the type CM �9)ùÚ:4 Ú:4 , and
performthecomputationusingthecountof values,thesum
of values,andthesumof squaresof values,astheGCM val-
ues.For a value ; , theGCM valueis �*,T��;1��;E�f� . TheMCF
is (��(���1wG��;¤w%��<Tw*�
�5��� � ��; � ��< � �f���=�c�1w 2 � � ��;�w 2 ; � ��<Tw 2
< � � . This choiceof MCF meansthat the MCF is distribu-
tive and symmetric[18]. The FGM is FM �=4 , which
holdsthe standarddeviation, and the FGF is DE���p��;1��<T�S�> �?<A@B; � � 5 ���C@e,%� . For valuesof the finest granularity,
only datafor one 7 is stored. For valuesof coarsergran-
ularities,westoredatafor several 7 values,chosenaccord-
ing to theprobabilitydistributionof precisevaluesover the
imprecisevalue. In thecasestudy, we would storedatafor
1 7 valuefor precisevaluessuchas ~g. ~ , for 10 7 values
for imprecisevaluessuchas ~ , andfor 100 7 valuesfor the9 value. This ensuresthatwe geta preciseestimateof the
naturalvariationin thedataastheimprecisionmeasure,just
aswewouldgetusingmultipleimputation[16, 2].

For boththeconservativeandthe liberal answer, we use
theabove techniqueto computetheaggregateresultandits
precision. All facts in a group contribute equally to both
the resultandthe precisionof the result. For the weighted
answer, the factsin a grouparecountedaccordingto their
weight,both in thecomputationof theaggregateresultand
in thecomputationof theprecision.We notethatfor aggre-
gationfunctionsÄ whoseresultdependonly ononevaluein
thegroupit is appliedto, suchasMIN andMAX, wegetthe
minimum/maximumof theexpectedvalues.
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Figure 5. Resulting MO’s for the Conservative, Liberal, and Weighted Answers

Example 14 Wewantto know theaverageHbA1c%for pa-
tients,groupedby Low-level Diagnosis,andthe associated
precisionof theresults.As granularitymeasuresandfunc-
tions, we usethe level approachdescribedin Example12.
Wediscussonly theweightedresult.As seenin Example11,
the resultingsetof factsis � Î �¬"�"G­ ã & �/,Gw
0a�5"?­ ã � �
X@w
0 , and
the SetCountis ,�.%$ for the first groupand ,T.´X for the sec-
ond. Whencomputingthesumof theHbA1c%values,we
impute ¶'.´­ and G'.´­ for theimprecisevalues¶ and 9 , respec-
tively. For thefirst group,wemultiply thevaluesG'.´­ and ~'.´~
by their groupweights .%$ and , , respectively, beforeadding
themtogether. For thesecondgroup, ~'.´~ and G'.´­ aremulti-
plied by , and .´X , respectively. Thus,the resultof thesum
for the two groupsis ,%­g.´| and G'.´¶ , giving anaverageresult
of ~'.´¶ and ~'.%G , respectively.

The computationof the precisionproceedsas follows.
The level of the values 9 , ~'.´~ , and ¶ is X , ­ , and , , re-
spectively. The weightedsumof the levels for eachgroup
is found by multiplying the level of a value by the group
weight of the correspondingfact, yielding ,�.%G for the first
groupand ,T. } for the second. The weightedcount of the
levels is the sameasthat for the facts themselves,namely,�.%$ and ,�.´X . This givesa weightedaveragelevel of .%H for
the Insulin-dependentDiabetesgroupand ,T.´X for theNon-
insulin-dependentdiabetesgroup,meaningthattheresultfor
thefirst groupis moreprecise.Therelatively highweighted
averagelevel for the first group is mostly due to the high
weight( .%$ ) thatis assignedto thelink betweenDiabetesand
Insulin-dependentDiabetes.If theweightsinsteadof .%$ and. X had been .´~ and .´~ , the weightedaveragelevels would
have been .´¶ and ,T. | .

5.3 Presenting the Imprecise Results

Thefinal stepis to presenttheimprecisionin theresultto
thephysician.Wehaveseveralalternativesfor thisstep.The
moststraightforwardapproachis to presentthe resultval-
uesalongwith theircorrespondingfinalgranularitymeasure
values.Thisgivesaverypreciseestimateof theprecisionof
a resultvalue.

Example 15 For the previousexample,this would present
the (Low-level Diagnosis, AVG(HbA1c%), AVG(Level))
tuples from the conservative, the liberal, and the
weightedanswers. For the conservative answer, the re-
sult is � Insulin-dependentdiabetes�
~'.´~'�
­��5�
� Non-insulin-
dependentDiabetes�
¶'�/,%� . For the liberal answer, the
result is � Insulin-dependentdiabetes�
~'.%$'�/,%�5�
� Non-insulin-
dependentDiabetes��Gg. ~g�%,T.´~�� . For theweightedanswer, the
resultis � Insulin-dependentdiabetes�
~'.´¶g�%.%H��5�
� Non-insulin-
dependentDiabetes�*~g. Gg�%,T.´X�� .

Theotheralternativefor presentingtheimprecisionisone
which followsour overall approachof usingthegranularity
itself as an estimateof the precisionof data. We usethe
imprecisionof a resultvalueto convert (coarsen)thevalue
into a valueof a granularitycorrespondingto the impreci-
sion. A valuecoarseningfunction(VCF) for a dimensionk anda FGM ¡ is a function I+R1:8ZhÚB¡ UW!k , where
I/�cj%�S��j w suchthat jÃ4�j w . Thus, the VCF mapsvalues
of thefinestgranularityinto “containing” valuesof a possi-
bly coarsergranularity, determinedby theimprecision.The
VCFandthegranularitiesof theresultdimensionarechosen
sothatthegranularityof theresultgivesa goodoverview of
thetrueprecision.

Example 16 We choosethe HbA1c% dimension,with the
original granularities,asthe resultdimension.As the VCF
we choose JT�K;t���ML such that ;�4NL��O,½PP.GP
ð��KL��h�
��P5ñ]ð ñÖïRQ@�?;E� , i.e., for a number ; , we choosethe valuethat
“contains” ; andhasthe level of the leastnaturalnumber
greaterthanor equalto ; , e.g., JT�
.%H��7�m, and JT�*,T. XT�7�º9 .
A graphicalillustrationof theresultingMO’sfor theconser-
vative,liberal,andweightedresultsareseenin Figure5. We
notethattheliberalandweightedanswersareidentical,sug-
gestingthat this is closerto the truth thanthe conservative
answerin this case.Theresultvaluefor AVG(HbA1c%)is9 in both the liberal andtheweightedanswerfor theNon-
insulin-dependentgroup becausehalf of the input data is
unknown, renderingtheresultingaveragevaluevery impre-
cise.



6 Conclusion and Future Work

Motivatedby theincreasinguseof OLAP technologyfor
medicalapplications,weinvestigatehow to solveacommon
problemwith medicalandother data,namelydataimpre-
cision, using pre-existing conceptsfrom multidimensional
datamodelsusedin OLAP systems.

Theadoptedapproachgenerallyusestheconceptof data
granularity to handleimprecisionin the data. As the con-
cretecontext for presentingits contribution, the paperuses
a multidimensionaldatamodelandanalgebraicquerylan-
guagethat facilitate formal definitionof theconceptsused.
Data imprecisionis handledby first testing if the data is
preciseenoughto answera queryprecisely. If this is not
the case,an alternativequery that might be answeredpre-
ciselyis suggested.If thephysicianaskingthequeryelects
to proceedwith the original query, the imprecisionin the
datais reflectedin the grouping of the data,as well as in
theaggregatecomputation. Thephysicianis presentedwith
threeresults,a conservative, a liberal, anda weightedre-
sult. Theseinclude what is known to be true, everything
thatmightbetrue,anda weightedcombinationof theseex-
tremes,respectively. Along with theaggregatecomputation,
a separatecomputationof theprecisionof theresultis car-
riedout,andit is shown how to presenttheimpreciseresult
to thephysician.It is possibleto usepre-aggregateddatafor
moreefficient queryprocessing,andthe approachmay be
implementedusingSQL [15].

This work improveson previousapproachesto handling
imprecisionby showing how existing conceptsand tech-
niquesfrom multidimensionaldatabases,suchasgranular-
ities andpre-aggregation,canbemaximally reusedto also
supportimprecisionin aggregatequeries,coveringboth the
groupingof dataandtheaggregatecomputationitself. The
resultis aneffectiveapproachthatcanbeimplementedusing
currenttechnology.

In futurework, it would be interestingto pursuea more
theoreticalinvestigationof how to implementthetechnique
using special-purposedata structuresand algorithms, to
achieve optimal concretecomplexity. A further investiga-
tion of theissuesrelatedto “single-value”aggregationfunc-
tionssuchasMIN andMAX in relationto datagranularity
is alsointeresting.Unlike otheraggregationfunctions,these
arenot readilysensitive to weighting. We have shown how
to presentdataimprecisionin theresultusinggranularities,
but it would be very interestingto explore othermeansof
graphicallypresentingimprecisionin the result. Other is-
suesfor futureresearchincludepresentingtheuserwith the
datathatpreventeda queryfrom beingpreciselyanswerable
anddevelopingprecisemeasuresfor determiningwhen(in
termsof dataquality) theapproachis useful.

Acknowledgements

Thisresearchwassupportedin partby theDanishTechni-
calResearchCouncilthroughgrant9700780,by theDanish
Academyof TechnicalSciences,contractno. EF661,andby
agrantfrom theNykredit corporation.

References
[1] C. Bettini et al. A Glossaryof Time GranularityConcepts.

In Temporal Databases:ResearchandPractice, pp.406–413.
LNCS1399,Springer-Verlag,1998.

[2] S.vanBuurenetal. RoutineMultiple Imputationin Statistical
Databases.In Proceedingsof SSDBM, pp.74–78,1994.

[3] A. L. P. Chenet al. EvaluatingAggregateOperationsover
ImpreciseData. IEEETKDE, 8(2):273–284,1996.

[4] P. P.-S. Chen. The Entity-RelationshipModel — Toward a
UnifiedView of Data.ACM TODS, 1(1):9–36,1976.

[5] E.F. Codd.ExtendingtheDataBaseRelationalModelto Cap-
tureMoreMeaning.ACM TODS, 4(4):397–434,1979.

[6] E.F. Codd.ProvidingOLAP (on-lineanalyticalprocessing)to
user-analysts:An IT mandate.E. F. CoddandAssoc.,1993.

[7] C.E.Dyreson.InformationRetrieval fromanIncompleteData
Cube.In Proceedingsof VLDB, pp.532–543,1996.

[8] C. E. Dyreson. A Bibliographyon UncertaintyManagement
in InformationSystems.In [13], pp.413–458,1997.

[9] C. E. Dyresonand R. T. Snodgrass.SupportingValid-time
Indeterminacy. ACM TODS, 23(1):1–57,1998.

[10] J.Grayetal. DataCube:A RelationalAggregationOperator
GeneralizingGroup-By, Cross-Tab andSub-Totals. DMKD,
1(1):29–54,1997.

[11] K. J.Isselbacheretal. Principlesof InternalMedicine, Ninth
Edition. McGraw-Hill, 1980.

[12] A. Klug. Equivalenceof Relational Algebra and Rela-
tional CalculusQuery LanguagesHaving Aggregate Func-
tions. JACM, 29(3):699–717,1982.

[13] A. Motro andP. Smets(eds.). UncertaintyManagementin
InformationSystems- FromNeedsto Solutions. Kluwer Aca-
demicPublishers,1997.

[14] T. B. PedersenandC.S.Jensen.MultidimensionalDataMod-
eling for Complex Data. In Proceedingsof ICDE, pp. 336–
345,1999.ExtendedversionavailableasTimeCenterReport
TR-37, S www.cs.auc.dk/TimeCenterT , 1998.

[15] T. B. Pedersen,C. S. Jensen,andC. E. Dyreson.Supporting
Imprecisionin MultidimensionalDatabasesUsing Granular-
ities. TR R-99-5003,Comp.Sci. Dept.,Aalborg University,
S www.cs.auc.dk/U tbp/articles/R995003.psT , 1999.

[16] D. B. Rubin. Multiple Imputationfor Nonresponsein Sur-
veys. Wiley, 1987.

[17] E. RundensteinerandL. Bic. EvaluatingAggregatesin Pos-
sibilistic RelationalDatabases.DKE, 7(3):239–267,1992.

[18] S.-C.Shao. Multivariateand MultidimensionalOLAP. In
Proceedingsof EDBT, pp.120–134,1998.

[19] World HealthOrganization. InternationalClassificationof
Diseases(ICD-10). TenthRevision,1992.

[20] L. Zadeh.FuzzySets.Inf. andControl, 8:338–353,1965.


